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INTRODUCTION 
In this paper we will study the asymptotic behavior of positive solutions 
of the following equation 
du+f(x, u)=O in W, n33 (1) 
and in particular, of positive radial solutions of 
du+K(~x~)up=o in iw” (2) 
withna3andp>landK>Oin[W”. 
Equations (1) and (2) have their roots from many mathematical and 
physical fields, e.g., the well-known scalar curvature equation in the study 
of Riemannian geometry, the scalar field equation for the standing wave of 
nonlinear Schrodinger and Klein-Garden equations, the Matukuma equa- 
tion describing the dynamics of globular cluster of stars, etc. And because 
of the variational structure of Eq. (1) the non-trivial positive solutions of 
(1) are usually referred to as the ground states. For a general overview on 
Eq. (1) and (2), readers may consult a recent survey [N2, and Ref. therein] 
by Ni. 
In 1959, Kato [K] investigated the asymptotic behaviour of solutions of 
the equation 
Au + q(x)u = 0 (3) 
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the so-called reduced wave equation. His aim was to study the rate of decay 
(or growth) of the following quantities 
M(r)= J 
[ 
112 
W)l 2 ds I.Y( = r 1 
N(r)= j 
[ 
IWx)12 dS 
(II = r 1 
112 
, 
where dS is the surface integral element. A series of nice results were 
obtained in his paper and they become very useful in the study of existence 
and non-existence of solutions of (1). 
In 1981, Gidas, Ni, and Nirenberg obtained the following estimates 
which were crucial in their study of symmetric properties of positive 
solutions in R”. 
THEOREM A [GNN]. Let UE C2(R”) be given by 
u(x) = 
s 
f(y) dy ie Iw” IX-yyl+2 ’ . .’ ,4u+C-‘(n)f(y)=O 
with f satisfying the following 
f(Y)=O(IYIY) at co and q< -(n+ 1). 
Then 
lim I.4"~2u(x)=~Rnf(y)dy x-03 
and 
where C(n) = l/n(n - 2) co, with o,, being the volume of the unit ball in R”. 
Recently, in [LNl, LN2, LN3] a number of results concerning the 
asymptotes in the study of Eq. (1) were obtained. Here is a list of a few of 
their results. 
THEOREM B [LNl]. Let u be a bounded positive solution of (2). 
Suppose that K is a locally Hiilder continuous function which satisfies the 
following decay condition 
(4) 
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for some I< - 2. Then lim, _ o. u(x) = u, always exists such that 
XER”. 
Furthermore, tf u o. =O, then u(x)<c Ix[*-~ at co such that 
lim 
x402 
jxJnM2 u(x) = C(n) 1. K(y) up(y) dy. 
In the rest of this paper we will use the following notations 
mOz(I--J?)y, rn=s 
and 
Remark 1. It turns out that in the slow decay case, i.e., when K satisfies 
(4) with 1 > - 2, there are two critical exponents of decay (see [N2, LNl ] ), 
one of which is (n - 2), the other is m. And concerning the radial solutions 
of (2) the following theorems are established. 
THEOREM C [LNl]. Suppose that K(r) = K( 1x1) = 0(/x1’) at co for 
some I > -2, and u is a positive radial solution of (2) with u(r) = o(r-“‘) at 
00. Then u(r) = 0(r2-n) at co. 
THEOREM D [LNI]. In addition to the assumptions in Theorem C 
zy lim inf, _ o. r’%(r) =O, then u(r) = o(r-m) at 00 and consequently 
u(r) = 0(r2PH) at co provided that n-2>2m and [r’K(r)],<O for r 
sufficiently large. 
Remarks 2. In [LNl 1, corresponding results are also obtained when 
Z= -2, where the critical decays become r2-n and (log r)-“(PP ‘). 
3. Theorems C and D tell us that under some conditions on K (e.g., 
the ones in Theorem D), any positive radial solution of (2) must behave 
either like r2 -’ at co or rhrn at co. And their existences are established in 
[DN, NYl, NY2, LNl, LN2]. 
4. In [LN3], it is shown that if a solution u of (1) is bounded by 
IxI’-” at infinity, then u has a nice asymptotic expansion near infinity for 
both fast decay and slow decay. 
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The purpose of this paper is to investigate the solutions of (2) which 
behave like r-M for I > - 2 or (log r) - llCp - ‘I when 1 = - 2. We will derive 
a stronger result on the asymptotic behavior of positive radial solutions 
than Theorem D and discuss their expansions at infinity. 
The following are a list of conditions on K that will be used later in this 
paper. 
(K.l) K(r)30 in r>O and lim,,, rP’K(r)=k,>O, where I> -2. 
(K.2) K is differentiable near infinity, and [ (d/dr)(r -‘K(r))] + E L’. 
(K.3) K is differentiable near infinity, and [(d/dr)(r-‘K(r))] ~ EL’, 
where if g is a function, then g = g + - gP with g+ = max{g, O> and 
g-=(-g)‘. 
Our main results are the following. 
THEOREM 1. Let u be a positive radial solution of Eq. (2). Assume that K 
satisfies 
(i) (K.l) and (K.2), $0 <m -=z (n - 2)/2, or 
(ii) (K.l) and (K.3), if(n-2)/2<m<n-2, 
then 
lim r%(r) = u, = r-m 
li(p-l)or 
Furthermore, if u, = 0, then 
lim fA2u(r) 
r-00 
(5) 
(6) 
exists and is finite and positive. 
THEOREM 2. Let u be a positive radial solution of Eq. (2) with K 
satisfying (K.l) and (K.2) for I= -2. Then lim,, o. (log r)“(PP ‘) u(r) 
always exists and 
lim (log r)l’(P-l) u(r) = u, = 
i 
[(p:;:k,ll’(p-“or (7) 
r-m 
0. 
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Furthermore, if u, = 0, then 
lim P*u(r) 
r-m (8) 
exists and is finite and positive. 
Remarks 5. Once (5) and (7) are proved, (6) and (8) become a direct 
consequence of [LNl, Theorem C]. 
6. It is proved in [Nl] that (2) does not have any positive solutions 
if m 3 n - 2. Therefore, we only consider the case when m < n - 2. 
We shall organize this paper as follows. In Section 1 some preliminary 
results are given including some transformations which will be used 
later. We give the proof of Theorem 1 in Section 2 and the proof of 
Theorem 2 in Section 3. In Section 4, we will study the asymptotic 
expansions of positive radial solutions satisfying lim, _ o3 r%(r) > 0 (or 
lim,,, (logr)“‘P-l’ u(r) > 0 if I = - 2 in Section 5). 
It is also worthwhile to mention here that some new critical exponents 
appear when we study the asymptotic expansion and they seem to be inter- 
esting (see Sections 4.1 and 4.2). Further applications of the asymptotic 
expansion will be studied in a forthcoming paper. 
We should mention that our method can also be applied to cover the 
more general Eq. (1) for positive radial solutions, with appropriate condi- 
tions onf: Finally, we thank Wei-Ming Ni for many helpful conversations 
and suggestions. 
1. PRELIMINARIES 
Before starting to prove the results stated in the introduction, we state 
a few known results, omitting proofs. 
LEMMA 1.1 [N, p. 516, Th. 3.353. Let u be a positive radial solution of 
(2) with K satisfying (K.l ), i.e., 
n-l 
u,r+- 24, + K(r) up = 0 in [0, co). (1.1) r 
Then the following estimates hold near infinity: 
cr -“>u(r)>c-1r2Pn for some c > 0, 
if,> -2. 
c(log r) ~ ‘/(P--1)~U(r)~C-1r2-- for some c > 0, 
g-r= -2. 
(1.2) 
(1.3) 
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LEMMA 1.2. Suppose that u is a positive radial solution of( 1.1). 
(i) Let V(t) = r”u(r) for r > 0 and r = e’. Then V satisfies in 58 
V,, + (n - 2 - 2q) V, - q(n - 2 -9) V 
+K(e’)e’Y+*-PY)fVP=O. (1.4) 
(ii) Let V(t) = (log r)* u(r)f or r > 1 and r = e’. Then V satisfies in R 
V,,+(n-2-:) V,-:(n-2-F) V 
+ t”(’ -p)e2tK(e’) VP = 0. (1.5) 
2. PROOF OF THEOREM 1 WHEN I> - 2 
We will prove only the case when 0 <m < (n- 2)/2; the case 
(n - 2)/2 < m < n - 2 can be treated similarly. 
Assume that K satisfies (K.1) and (K.2). We have to show that if u > 0 
satisfies (1.1) then 
lim rm u(r) 
r-02 (2-l 1 
always exists. 
Because of Lemma 1.1, we have that r%(r) is bounded in R’ +. If, on the 
contrary, 
0 d 01~ lim inf r%(r) < lim sup r%(r) _= /I < co. 
r-00 r-m 
we can proceed via contradiction. 
Let V(t)=?%(r) with r =e’. By (1.4) we have that 
V,,+(n-2-2m) V,-m(n-2-m)V+k(t) VP=0 
with 
(2.2) 
a=liminf V(t)</?=limsup V(t), 
t-CC t-m (2.3) 
where k(t) =e-“K(er) such that (k,)+ EL’ by (K.2), and lim,,, k(t) = k,. 
Because of (2.3), we may choose two sequencies (vi} and (ci} going to 
co as i + cc such that 
{vi} are local minima of V, { ti} are local maxima. 
Vi<5i<rli+lf i = 1, 2, . . . . (2.4) 
310 
Let 
For each fixed 1 (large), F,(s) (and respectively, F(t, s)) has a unique 
minimum point S, (and respectively, S,) such that 
YE LI 
E(t)=1(V,)2-~m(n-2-*) v2+ 
1 
-k(t) VP+ l
P+l 
fm(s)= -m(n-2-m)s+k,sP, 
f(t,s)= -m(n-2-m)s+k(t)sP 
k 
F,(s)= -;m(n-2-m)s’+L 
P+l 
SPfl 
F(t,s)= -;m(n-2-m)s2+--s k(t) p+l 
p+l . 
s = m(n-1-m) 
* 
k(t) 1 “(P--l) s m(n-2-m) l’(P-‘) 00 kc0 1 as t-c0 
with the corresponding value 
k(t)(p- 1) m(n-2-m) (p+‘)‘(p~‘) 
InIl~F(t,s)= - 
P+l k(t) 1 = F( t,S,) =y(t) 
and, respectively 
Inn; F,(s) = - 
k,(p-1) m(n-2-m) (P+lU(P-l) 
P+l km 1 =~co(Sm)=Lz 
and 
lim yI=yaoO. (2.6) I-rcc 
Now multiplying (2.2) by V, and integrating it from some large number 
T> 0 to c so that (k,) + is integrable in [T, co), we have by integration by 
parts that 
E(t)+(n--2-2m) j’ V:(s)d~+~+ j’ [k,(s)] - VP+ ‘(s) ds 
T T 
= c, + p&-j; [k,(s)] + VP+‘(s) ds. (2.7) 
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Because [k,(s)] + E L’(T, co) and I/ is bounded there, we have that 
[k,(s)] + VP + ’ E L’(7’, co). On the other hand, because E(qi) is bounded 
independently of i we conclude that 
I ‘I’ V;(s) ds ” and [k,(s)] - VP+ ‘(3) ds T s T 
are bounded independent of i which implies that 
VsEL2(T, co) and [kJs)]- VPfl(s)&(T, co). 
All these together imply that lim,, m E(t) - e, exists, and because of 
E(t)>F(t, V(t))>y(t)-+y, as t+oO, we have e,>y,. 
Claim. e, = ym. 
Suppose that eao > yoo. Let s* = (e, -y,)/4 > 0. Since E(qi) = 
F(V]i, V(qi)) and E(ti) = F(ti, V([,)) we have that 
lim E(q;) = F,(U) = e m = F,(P) = lim E(5i) > Y m 
i-m i-CC 
with c1< p. Therefore, we must have 
~=(Ll[o,s,,)Y (e,)<Sm<P=(I;~ICs,,oc,,)~‘(e,). 
Now, (2.3) and (2.5) imply that if i is large enough, then V(qi)<S(qi) 
while V(t,) > S(<,). The intermediate value theorem then shows that there 
exists t,E (vi, li) such that V(ti) = S,, and thus F(ti, V(t,)) = y(t,). But from 
(2.6) we have that if i is sufficiently large, 
and 
which implies that 
(vt(ti))2>2(em -Y~-~E*)=~E~. (2.8) 
From the fact that both E(t) and V(t) are bounded, we conclude that V, 
is bounded which in turn implies that V,, is bounded by Eq. (2.2). Now for 
all i sufficiently large, we can find 6 > 0 independent of i such that 
IV*1 26 for te [ti-8, t,+d] 
by (2.8). But this is impossible because V, E L2( T, 00). Therefore, we must 
have coo =ya. The claim is proved. 
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Now, we have that 
E(t) 2 fc KY + y(t) and 
with lim 1-m Y(f) = Yco. 
Therefore, we must have 
lim V,(t)=0 and 
,+CC 
which contradicts (2.3). Therefore, 
lim E(t)=?, 
t-m 
lim V(t) = S, 
t-00 
lim V(t) always exists and = U, . 
t-00 
It is clear from (2.2) that U, then must be either 0 or S,, which ends the 
proof. 
Remark 2.1. From the proof of Theorem 1, we have that if 
[(r-/K(r)),] + E L’(co) and 0 < m < (n - 2)/2, then (r-/K(r)), must belong 
to L’(a) for (1.1) to have a solution with 
lim T%(T) = U, > 0. (2.9) r-00 
On the other hand, the optimal condition on K for which Eq. (2) will 
produce positive solutions satisfying (2.9) is still under investigation. 
3. PROOF OF THEOREM 2 WHEN 1 = - 2 
The ideas are essentially the same as those used in Section 2. 
Since I= - 2, Lemma 1.1 suggests the use of the second transformation 
of Lemma 1.2. 
Let V(t) = (log r)‘lCPP1) U(T), r=e’, t >O. We have by (1.5) that V 
satisfies the following equation 
( 1 v,,+ n-2-- (p- 1)t > Vf 
1 
-(P n-2-(p5)t ( > 
J/+k(‘) VP=0 
t ’ (3.1) 
where k(t) = e*‘K(e’) such that 
lim k(z) = k,, (k,)+ E L’(a) by (K.2). 
,-CC 
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Assume on the contrary that V does not have a limit at co. Let Q, fi, {vi} 
and { ti} be as in Section 2 with (2.3) and (2.4), and define the following 
E(t)=+-- n-2 p+- k(t) 
2(P- 1) 
VP+’ 
p+l . 
Now multiplying (3.1) by r V, and integrating from T (some large value so 
that (k,)+ E L’( T, 00)) to t, we have 
E(r)+[t[(n-21s-pJ v:ds+2(ppl)2J-;~d~ 
T 
1 
f ’ k,V 
P+lds- P =- 
p+l T 
v*(t) + c 
2(p- 1)2 t 2’ 
where C2 is a fixed constant. 
The same argument as in Section 2 gives us the conclusion that 
tV;d(T, co), lim E(t)=e,>y,, 
t-m 
where 
Ym = min 
i 
(n-2) kmsPfl 
S>O -2(ps2+p+1 1 
achieved at S, = [(n - 2)/(p - 1) k,]“(pp ‘). 
Claim. eaa = yao. 
Suppose that on the contrary, coo > ym. We must have 
lim V(q;) = CI < S, < lim V(<J = j3. 
i-rm i-m 
(3.2) 
(3.3) 
(3.4) 
Because of (3.3), V, and V,, are in I,“( T, co) by (3.1). Therefore, as in 
Section 2, we can find by (3.4) a sequence {ti} with tin (vi, ri) and a fixed 
6 > 0 such that 
n-2 k(t) --P(t)+- 
2(P - 1) P+l 
vP+‘(t)<ym+&*, VtE(ti-~, ti+q, (3.5) 
where s* = (e, - y,)/4. Hence, for i large enough, we would have by (3.5) 
that 
E(t)++- n-2 1/z+- 
2(P- 1) 
k(t) >e 
p+l cD-&2Y lE(ti-66, ti+d) 
505/95/2-B 
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which implies that 
violating (3.3). Thus coo = ym. 
Finally, as before, we conclude that 
lim V(t) = S, and lim tVf=O, t--racI ,-CC 
which contradicts (3.4). 
Claim. lim, _ m V(t) always exists = 24,. 
Now, if u, # 0, we want to show that u, = S,. Suppose that u, # S,, 
then (3.1) implies that 
(3.6) 
where W(t) = (l/(p - l))(n - 2 - p/(p - 1)) V(t) -k(t) VP(t) with 
lim t-cc W(t) = w, # 0. 
Let T be large enough so that 
Iw~-WmI<aIwmlI, if t>T. 
Integrating (3.6) from T to t > T, we have 
Thus we have 
1 
C5+(n-2) ( wm - ; I WC0 I ) 
,*;;I:::, 
or 
(Q/(P--1,,@-2)2+ 
1 
(n-2) ( 
w,;lw,l t-l 
> 
< V,<C,t 
2/(P-l)e-(n-2)1+ -& w,+;lw,l 
( > 
t-l (3.7) 
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which would imply that 
lim V(t)= +co if W,>O 
,-+‘I2 
lim V(t)= -cc if W, < 0. 
t--r30 
Both are in conflict with the fact that lim V(t) = U, E IF!. Therefore, we must 
have u, = S,. 
Remark 3.1. It is clear that under the assumption [(r-*K(r)),]+ E 
L’(co) we must have (r-*K(r)),E L’(a) in order to obtain solutions with 
lim (log r)l’+-l) u(r) = U, > 0 
r--rcc 
by (3.2). 
4. ASYMPTOTIC EXPANSION WHEN 0-z m<(n-2)/2 
In this section, we will study further the behaviour of positive radial 
solutions of (2) at infinity. We know that by Theorems 1 and 2 that any 
positive radial solution u must behave either r-* (or (log r)-l’(p- ‘) if 
1~ -2) or r--(n-2) at infinity if K satisfies a certain condition (see 
Theorems 1 and 2 for details). And if u behaves like r-(“-*), then further 
expansion of u was obtained by careful study of some potentials related to 
Eq. (2) in [LN3]. Here we will investigate solutions behaving like r-“’ (or 
(log r))“(P-l) if I= -2) at infinity. 
We will not try to cover the most general case but rather discuss some 
particular cases to make our methods and results more transparent (see 
also Remark 4.1). Nevertheless, our conclusions apply to more general K. 
Therefore it is assumed throughout this section that K satisfies the 
following condition. 
K(r) = r’ at infinity. (4.1) 
In particular, Theorem 1 is valid under (4.1). 
Let u be a positive radial solution of (2) satisfying 
lim rmz4(r)=Sco= [m(n-2-m)]1~~P~1). 
r-00 
Define W(t) = r’%(r) - S, and r = e’. Then we have 
lim W(t)=0 and lim W,(t)=0 
,-CC t--lx 
(4.2) 
(4.3) 
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as in Section 2. And for t large, say t > To, W satisfies 
W,,+(n-2-2m) w,+(p-l)m(n-2-m)W+g(W)=O, (4.4) 
where g(r) = (z + S,o)p - Sk - pS:- ‘r such that 
g(r)=~(~-l)SP-2 2 
2 O” 
t +o(T3) for r near 0. (4.5) 
Remark 4.1. The assumption (4.1) is technical, for otherwise, we can 
define W as follows 
W(t)=- - 4-1 1 
h(r) ’ 
r=e’, 
where z+,(r) is given by 
i.e., du, + K(r)[S,/( 1 + r)m] p = 0. Then our arguments apply provided 
that K satisfies (K.l ), (K.2), and (K.3), for the second expansion. If we 
want to expand u at co in more terms, then K must have an expansion up 
to a certain order at co. 
Remark 4.2. The existence of positive solutions satisfying (4.2) is given 
in [NYl, NY21 and [LNI, LN2]. 
Now, multiplying (4.4) by 2 W, and integrating it from t to T> t and 
letting T+ co, we obtain by (4.3) that 
2(n-2-2m)la Wsds 
I 
= Wf+(p--l)m(n-2-m) W2+G(W), (4.6) 
where G(r) = Jr, g(s) ds such that 
(4.7) 
which implies that 
W,EL’(T~, co). (4.8) 
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Secondly, multiplying (4.4) by W and integrating it from t to T and 
letting T -+ co, we obtain by integration by parts the following 
(P-l)m(n-2-m){,a w2+j,= Wg(W) 
= ww,+ n-z2-2m w2+J’” w3 * 
which implies that 
WeL2(To, 00) 
because of (4.3) and the fact that lim, +,,+ (g(s)/s) = 0. 
But with (4.6), (4.8) and (4.10), we have 
(4.9) 
(4.10) 
I m W; dSE L2(T,,, co) f 
which in turn by (4.9) gives that 
O” W2 dse L2(To, co) 
and 
2(n-2-2m)j,m drjrm Wg 
= I O” [W,‘+(p-l)m(n-2-m) W”+G(W)]ds I 
X 
s s 
mdt m 
f 
T [(p-l)m(n-2-m) W2+ Wg(W)] ds+i W2 
= n-22-2mjtm W2+ jrl dz j; W;ds. (4.11) 
We can now iterate between the two identities in (4.11) by integrating to 
conclude that 
jTydt,jt;dt2.--jt; W;(s)ds<co 
for any positive integer 1. This is equivalent to saying that 
s 00 s’W;(s) ds < co, VIEZ,. (4.12) TO 
318 YI LI 
Now, because lim, _ o. W(t) = 0, we have 
W(t)= -jm W,ds 
* 
and together with (4.12) we obtain 
lim t/W(t) = 0, WEh,, 
t-cc 
(4.13) 
i.e., W decays faster than any polynomial. 
On the other hand, by (4.4) we have 
W,=(n-2-2m) W-(p-l)m(n-2-m) jm Wds+ jmg(W)ds. 
f t 
Therefore, from (4.13), we have 
lim t/W, = 0, VIEZ,. (4.14) 
1’00 
4.1. m,<m<(n-2)/2 
In this case, solutions of the corresponding homogeneous equation with 
respect to Eq. (4.4) 
a,,+(n-2-2m)a,+(p-l)m(n-2-m)a=O 
can be written as linear combinations of 
(4.15) 
e-((n-2p2m)12) sin at and ,-((n-2-2mP)COS (&, 
where o=,/(p-1)m(n-2-m)-$(n-2-2m)2>0. 
Now, with the help of estimates (4.13) and (4.14), we will show that W 
is actually bounded by the magnitude function of Eq. (4.15). 
Let R(t) = ew-2-w/2) w (t). Then R is a solution of the following 
equation 
R,,+ [w’+h(W)]R=O, 
where h(r) = g(r)/r such that lim,,,+ (h(z)/z) = $p(p - 1) SLP2. Multi- 
plying the above equation by 2R, and integrating from T (2 To) to t > T, 
we have 
R; + (0’ + h( W(t)) R* - jr h’( W) W, R* ds 
T 
=R;(T)+(wZ+h(W(T))R2(T). 
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If R = 0 near infinity, then we are done because then u(r) = Sm/rm at co. If 
R&O, then there exists T3 T, such that by (4.13) and (4.14) 
C(T)=Rf(T)+(w2+Ih(W(T))I)R2(T)>0, 
o12- Ilh(W)II,y.,,- O” IA’(W) W,I ds>$ s 
(4.16) 
r 
Thus we have that 
Rf + (w’ + h( W(t)) R2 -j-t h’(W) WSR2 ds < C(T). (4.17) 
T 
Claim. R2(t) < (1 + 2/02) C( T),Vt > T. 
Suppose not. Then since R2( T) < C( T)/w~ < (1 + 2/w2) C(T), there 
exists t,, > T such that 
R2(t)< 1,; C(T), 
( ) 
for all t E (T, to) but R2(t,,) = (1 + 2/02) C(T). Then (4.16) and (4.17) imply 
that 
R:(to) + (a* - Ih(W)IL”(T,~~) ) - j-; W’(w) Ws I ds] R2(t,) d C(T) 
and 
R:(t,)f$R2(t,)<C(T) 
which imply that (02/2)( 1 + 2/w2) C(T) 6 C( T)-a contradiction. There- 
fore, R must be bounded in ( T,, co). 
In conclusion, we have proved 
LEMMA 4.1. If u is a positive radial solution of (2) with K satisfying 
(K.1) and (4.1), such that lim,,, r’%(r) > 0 with m, < m < (n - 2)/2. Then 
u(r) = Sm/rm + O(l/r(n-2)‘2) at 00. 
In order to look into the further expansion of u at 00, let us study 
Eq. (4.4) again. Under the assumptions tated in Lemma 4.1, we have 
W(t)= O(e-u”-2-w/*)~) (4.18) 
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at co so that g( IV(t)) = O(e-(n-2-2m)r) at co. Therefore, we can write W 
as the following (see [H]) 
w(t)=e-““-2-*mm (a sin ot + b cos ot) 
1 cc -- 
s 
e((“p2-2m)/2)(s-t) sin ~(s- t) g( W(s)) & (4.19) 
w I 
for some constants a and b. 
Let 
wl(t)=e-w-2-2m)/2) (a sin it + b cos ot) 
= Ce-((“p2-2m)/2)’ sin(o+w,)t 
where tan o1 = b/u. Then (4.18) and (4.19) implies that 
W(t) = Ce-w~2-2m)/2)1 sin(o+wr)t+O(e- (n-2-2m)r). (4.20) 
Putting (4.20) back into (4.15) using the binomial expansion of g(w), we 
obtain 
W(t) = ce-((n--2--2mWP sin(o+o,)t 
+C2e-(“P2-2”)‘[C,+C2sin2(0+02+w,)t] 
+0(~-(3/*)0-2-2m)t 1, (4.21) 
where constants C1, C2, and o2 depend on n, 1, p, and 0,. 
Therefore, we have 
LEMMA 4.2. Let u and K be as in Lemma 4.1. Then 
u(r)=%+ -p&sinl(~+~l)logrl 
._“,‘, {C,+C,sin2(w+o,)logr} +- 
r 
+o ( 
1 
r(3m(n- 2 ~ (413)~) > . 
Remarks 4.3. One can repeatedly use (4.19) to obtain an entire expan- 
sion of u at GO such that once C and o1 are determined, then the rest of 
the coefficients will be uniquely determined by K, 1, p, n, C, and w, . 
4.4. Without the assumption (4.1), we can still obtain an expansion 
of u up to a certain order provided that r-‘&(r) has an expansion of the 
corresponding order. 
ELLIPTIC EQUATIONS-ASYMPTOTIC BEHAVIOR 321 
4.2. 0 < m < m, 
For this range of m, solutions of the corresponding homogeneous 
Eq. (4.15) can be written as linear combinations of e-‘l’ and e-I*‘, where 
0 < II, < 1, are the roots of 
A’--(n-2-2m)l+(p-l)m(n-2-m)=O, 
i.e., 
~=(n-2-2m)-+~(rz-2-2m)*-4(p-1)m(n--2-m) 
2 
Let R(E, t) = eCi.‘-‘)‘W(t) which satisfies 
R,!(E, t) + (n - 2 - 2m - 21, + 2~) RJE, t) 
+ 4n - 2 - 2m - 2A, + E) R(E, t) + h(W) R(E, t) = 0 (4.23) 
with n-2-2m-21,= (n-2-2m)*-4(p-l)m(n-2-m)>0. 
Then, similar to the proof in Section 4.1, we conclude that 
IR(E, t)l 6 C(E), Vt> To and EE (0, A,), (4.24) 
i.e., 
) W(t)\ + 1 W,(t)1 6 C(E) ep(“‘-E)r, V~>T,,EE(O,A~). (4.25) 
Now, let R(t) = e”“W(t). Then R satisfies 
R,,+(n-2-2m-2A,)R,+h(W)R=O. (4.26) 
From (4.26), we have 
R,=R,(Tde (n-2-2m-2i.,)(To--r) 
- s ’ e(n~2-2m-*i.l)(s~f)h(W(s))R(s)ds. (4.27) TO 
By (4.24) and (4.25) and the fact that l/z(z)1 < p(p - 1) S~-'T for T > 0 
but small, we have that 
h( W(t)) R(t) = O(ep(“L-E)‘), Vt>T,, EE(O,A,). 
Therefore, by (4.27), we obtain 
R, = O(e- min((n-*~*m-221~),(2~--E)r 1 
from which we have that R(t) is bounded and 
1 W(t)1 + 1 W,( d Ce-“I’. (4.25’) 
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If we put these new estimates back into (4.27), we obtain 
i 
U(e- (n-2-2m-21,)r if m,<m<m, 
R,= O(te- (n-2~2m-21,)1 1 if m=ml 
U(e-“l*) if Qcm<m, 
which implies that 
i 
al + O(e- (n-2-2m-221)t if ml<m<m, 
R(t)= a, + O(te-(“-2-2’-2h)r) if m=ml 
a, + O(ep”‘) if Ocm-cm,. 
Therefore, for W we have 
i 
ale -All + Q(e-A2” if m,<m<m, 
W(t) = a,epA1’+ O(teC2”2’) if m=m, (4.28) 
ale -%I( + o(,-2121) if O<m<m, 
and now by (4.4), we can write W as the following (see [H] ) 
W(t)=aepA1’+bC”“+&-- s ’ (e 
M-~) - e’ll(‘-‘)) g(W) ds. (4.29) 
2 1 To 
Now, putting (4.28) into (4.29) and using (4.5), we have 
if m,<m<m, 
W(t)= 
-Ilr+blte-2%‘r+C,e-2”‘I+~(te-3”‘r) 
(4.30) 
if O<m<m,. 
And we can also use (4.29) iteratively to gain 
at co. But we will just state the following. 
an expansion of W (or U) 
LEMMA 4.3. Let u and K be as in Lemma 4.1 with 0 < m -c m,. Then 
if m,cm-cm,, (4.31) 
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and 
b,logr+c,+O 
p + 211 if m=m,, (4.32) 
and 
u(r)++&+ p&+0 ( l ) p+min(d2,311) if O<m<m,. (4.33) 
Remark 4.5. One can see easily from (4.29)-(4.33) that an expansion of 
u at co can be obtained and determined with coefficients depending only on 
K 1, P, n, al, and b,. 
4.3. m =m, 
In this case, solutions of Eq. (4.15) are linear combinations of 
e-(‘“-2-2m)/2)1 and te-((np2-2m)/2)r 
As in the proof of (4.24), we can show that 
1 W(t)1 + ( W,I 6 C(c) e-‘(“-2-2m)‘2-E)f, Vt >, T, and E > 0. (4.34) 
Secondly, let R(t) = t-‘e((“-2-2m)‘2)rW(t), we have 
R,,+;R,+h(W)R=O (4.35) 
and from which we have 
R,=R,(T,) t-2-t-2j’ s’h(W(s)) R(s)ds. 
TO 
Because of (4.34), we have that 
t2h(W(t)) R(t)EL’(To, co). 
Hence, we have t2R, E L”( To, co) and R(t) is bounded which imply that 
1 W(t)1 + ( W,I < Cte-((“-2-2m)i2)‘, ‘it> To (4.36) 
and 
W(t)=a,te~((“-2~2m)/2)1+0(e~((,-2-2m)/2)r). (4.37) 
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From (4.4), W can be expressed as [H] 
((n-2-24/2)+3,( w(s)) ds. (4.38) 
But (4.37) and (4.38) give us that 
- 2P(P- 1) SC24 t2e-(n-2-*m)t+ qte-(n-2-2m)t)e (4.39) 
(n-2-2my 
And an expansion of W (or U) at co can be obtained. 
LEMMA 4.4. Let u and K be as in Lemma 4.2 with m = (1 -,/l - l/p) 
((n - 2)/2). Then 
u(r)=>+ 
a, log r + b, 2p(p - 1) SP,p2a: (log r)’ 
).+-2v2 - (n-2-2m)2 ,n-2-,+o 
(4.40) 
Remark 4.6. By a uniqueness argument, one can see easily that the 
second and the third terms in (4.22), (4.32) (4.33), and (4.40) are non- 
trivial with possibly only one exception. 
5. ASYMPTOTIC EXPANSION WHEN m = 0 
In this section, we will try to explore the expansion of positive radial 
solutions of (2) when I = -2. It is assumed in this section that K satisfies 
K(r) = re2 at cc (5.1) 
to make our approach clear. (See Remark 4.1.) We also assume that u-a 
solution of (2 )-satisfies 
n-2 [ I 
ll(p- 1) 
lim (log r)“(pP’) u(r) = ___ 
(P- 1) 
=S,. (5.2) 
r-02 
Let 
W(t) = (log r)“(pp I) u(r) - S, + W,l(p - 1)’ (n - 2))(log (log r)llog 1.1. 
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From the proof of Theorem 2, we have 
lim W(t)=0 and lim tWf(t) = 0 (5.3) fdc.2 *-Paz 
while W satisfies for t > To the following equation 
W,,+ n-2- 
( 
2-1 (1% t)* 
p-l t ) 
W,t;g,(t) wt- p g*(t)+y- 
g,(t, WI = o 
> 
(5.4) 
where 
g,(t)= n-2- 
( 
p2 
log t 
mT+(p5)2 t ) 
g2(t) = - p3sm 
( 
(2P- l)P2Kc 1 
2(p-1)4(n-2)-(p-1)+(n-2)logt 
+ (3P-l)PS, 1 
(p - 1)3 (n - 2) (log ty ) 
and 
p 
gJt,s)= s+s,- 
( 
pscc 
log t 
- 
(p-l)* (n-2) t 1 
- s,- 
( 
PSCC log t p 
(p-l)* (n-2) t 1 
-P SCO- 
( 
PSCC logt p-1 
(p-l)‘(n-2) t ” ) 
From (5.3) and (5.4) we have, by employing the argument used in 
establishing (3.7) that 
W,=o(t-1) at co. (5.5) 
Now multiplying (5.4) by tW, and integrating it from t to T and letting 
T+ co, we obtain by (5.3) that 
2PS, 
cp- *)2 t w+G(W (5.6) 
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which implies that 
tW;EP(co). (5.7) 
Secondly, multiplying (5.4) by t W and integrating it from r to T, we have 
by integration by parts that 
TW(T) W,(T)-: W’(T)+: 
( 
n-2- 
2 
) (p- l)T TW2(T) 
+J~T(glw~+‘m, W)) w2+~tT(~)2”2(sw 
=tWW,-i W2+t 
( 
2 T 
n-2-- (p- l)t SC (5.8) 
where g4( t, W) = ( g3( t, W)/ W) + 0 as t -+ co. 
By (5.5) and (5.7), we obtain from (5.8) that lim,, m t W2 exists and is 
equal to zero. Now, letting T go to co, we have 
s IO” k,(s)- 7 + &a, W)) w2 + I*= (y2 g2(s) w 
=lWW,--i W2-l-i 
( 
2 
n-2----- (P-l)t 
) 1 
tw2+ tTswI (5.9) 
and 
W(t) = O(t-‘/2) at co, WEL2(c0). (5.10) 
Integrating (5.6) from T to 00 we have, by (5.7) and (5.10), 
f2WfEL1(co). (5.11) 
Multiplying (5.4) by t’+& W and integrating by parts from t to T, we have 
1+6 
T1+6W(T) W,(T)-- T’W’(T) 
+; n-2--- 
( 
2 1 
p-1T 
T1+6W2(T) 
T 
+ 1 ( ss g (s)-(n-22)(1+6)+(1+b)6 1 f 2 2s 
26 
+- 
(P- 1)s 
+ g,(s, W) 
> 
w2 fh 
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=t l+bWW,- A+! t”W’+i n-2- ( 2’) tl+6jp 
p-l t 
+ 1 
TSlt6W2- s I 5 
T (log S)2 
2--6 g2b) w. 
I s 
Taking 6, = $ and using (5.5), (5.10) and (5.11), we have 
F2W2EL’(cO) 
W(t) = q-W)U + l/2)) at cc 
w-q-(‘+‘/2+1/4)) at cc by (5.4). 
Secondly, take d2 = 1 and use (5.13). We have 
W(t) = O(t-1) at cc 
w, = O(t-‘) at co. 
Therefore, we have 
(5.12) 
(5.13) 
(5.14) 
LEMMA 5.1. Let u be a positive radial solution of (2) with K satisfying 
(K.l) and (5.1). If 
lim (log r)rlcp- ‘) u(r) = S,, 
,‘CC 
SW2 
u(r) = (log r)ll(P- 1) - 
PSCC h3(log r) 
( 
1 
(p- 1)2 (n-2) (log ,)picp-l)+O (log r)p’(pP1) ) ’ 
(5.15) 
Remark 5.1. By some further study of Eq. (5.4) one can expand u at 00 
as many terms as possible. 
6. SOME REMARKS AND APPLICATIONS 
We would like to say a few words on the case m = (n - 2)/2, i.e., 
p= (n +2+21)/(n -2), with I> -2 that Theorems 1 and 2 do not cover. 
The following result due to Ding and Ni [DN] will indicate how delicate 
this case could be. Let q E Ci( [0, co)), q > 0 and q $0 with q being 
monotonically nonincreasing in I with ~(0) < 1 and lim, _ ~ q = 0. 
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THEOREM E [DN]. Consider the following equation 
~u+Ku(“+w(“-2)=o in UP. (6.1) 
(i) (6.1) has no positive radial solutions for K = 1 - r]. 
(ii) (6.1) has infinitely many positive radial solutions for K - 1 of the 
f orm 
(~i)‘“p2”2 for il>O. (6.2) 
(iii) (6.1) has infinitely many positive radial solutions for K 3 1 + r] 
and furthermore all such solutions satisfy that r (n-2)/2u(r) is bounded between 
two positive numbers (may depend on u) at 00. 
Note that 4 could be arbitrarily small, but still ‘1 makes such dramatic 
change. Also note the big jump in degree between (ii) and (iii). Using the 
same techniques as in [DN], we have 
COROLLARY 6.1. Consider the following equation 
Au + Ixl’ku (n+2+21YV-2)=0 in R” 
u>Oandu~C”(R”)nC2(R”\{O)). 
(6.3) 
(i) (6.4) has no positive radial solutions for k = 1 - ‘I. 
(ii) (6.4) has infinitely many positive radial solutions for k s 1 of the 
f orm 
( ,l’ol (n-2’/(2+‘) for ll>o ;1’+2+’ > (6.4) 
(iii) (6.4) has infinitely many positive solutions for k = 1 + r] and 
furthermore all such solutions satisfy that r (n-2)‘2u(r) is bounded between two 
positive numbers (may depend on u) at co. 
This corollary can be proven exactly in the same manner as [DN, 
Theorem E] by using a generalized Pohozaev identity [NY2, p. 5, 
Theorem 11, for Eq. (6.4) with the singularity lxl’ at x = 0 instead of [DN, 
p. 491, Lemma 3.71 and using [LNl, p. 907, Theorem 2.271. Therefore the 
proof is omitted. Furthermore, similar to [DN, p. 504, Theorem 5.331, we 
have here 
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COROLLARY 6.2. Let u(r; a) be the solution of 
n-l 
un +- r U’+r~(l+yl)U(~+2+2~)l(n-2)=0 
u(O)=a>O. 
Then for all a with possibly 
s,=((n-2)/2)(“-2)/(2+‘). 
(6.5) 
one exception, r cn ~ 2)/2u(r, CC) oscillate about 
Proof: Let, as before, v(t) = r(“-2)/2u(r) with r = e’. Then 
v+V(“+2+21Mn-2)=o in [T, co) for some T>O, (6.6) 
with v bounded between two positive numbers at co. Then multiplying 
(6.7) by v, and integrating from T to t, we have 
n-2 2 
vf- - ( ) n-2 2 ~v2(n+lv(“-2)=C v2+2(n+l) 0. 
Now it is clear from (6.8) that if v$S, then v oscillates about S, 
periodically at GO. 
On the other hand, the uniqueness property of (6.6) (see [H]) implies 
that there exists at most one a>0 such that 
S 
u(r; a) = a, + w2 at co. 
Thus the proof is complete. 
Note added in proof In a recent paper by C.-F. Gui, W.-M. Ni and X.-F. Wang, “On the 
Stability and Instability of Positive Steady States of a Semilinear Heat Equation in IT,” 
a more detailed analysis on the expansion at infinity is made for the case when K = 1 near co, 
and m <ma which relines the results of Lemma 4.3. 
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